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Abstract In this paper, we study two-color, two-flavor QCD
using chiral perturbation theory at next-to-leading order when
the diquark chemical potential (µB) is equal to the isospin
chemical potential (µI). For chemical potentials larger than
the physical pion mass, the system is in a multicomponent
superfluid phase with both pions and diquarks. We construct
the one-loop effective potential using χPT in the presence
of an external multicomponent superfluid source and use
the effective potential to calculate the chiral condensate, the
multicomponent superfluid condensate and the (multicom-
ponent) superfluid density. We also find the critical chemical
potential and the order of the phase transition from the nor-
mal phase to the multicomponent condensed phase at next-
to-leading order. The phase transition remains second order
(as at tree-level) and the critical chemical potential is equal
to the one-loop renormalized pion (or diquark) mass.
1 Introduction
Quantum Chromodynamics (QCD) has a rich phase struc-
ture but is notoriously difficult to solve due to its non-pert-
urbative nature and the presence of the fermion sign problem
in lattice QCD [1] at finite baryon density (relevant for nu-
clear matter and neutron stars) and at finite isospin densities
with external magnetic fields. Due to these challenges, it is
often insightful to study variants of QCD. For instance, two-
color QCD at finite baryon density (or finite isospin density)
does not suffer from the sign problem and can be studied us-
ing lattice QCD, where it possesses a diquark condensate
both at low and high baryon densities [2]. This is differ-
ent from three-color QCD, which supports nuclear matter
at low densities and the color-flavor-locked (CFL) phase at
asymptotically large densities [3]. Large Nc QCD, on the
ae-mail: prabal.adhikari@wellesley.edu
be-mail: nguyen28@stolaf.edu
other hand, possesses a phase structure qualitatively differ-
ent from that of real QCD – at finite baryon densities the
deconfinement transition temperature is independent of the
baryon chemical potential [4]. While quark loops are sup-
pressed in the ’t Hooft large Nc limit, in real QCD, quark
loops screen the interactions of valence quarks leading to
the decrease of the deconfinement temperature with increas-
ing baryon density. Furthermore, large Nc QCD with heavy
quarks allows for the possibility of saturated nuclear mat-
ter, which forms for qualitatively different reasons than real
QCD: nuclear matter saturates due to the competition be-
tween Pauli repulsion (which is leading order in Nc) and the
sub-leading (attractive) glueball interactions resulting in a
nuclear saturation density that is non-analytic in Nc [5].
Unlike QCD at finite baryon chemical potentials, it is
possible to study QCD at finite isospin density both at low
densities (compared to the typical hadronic scale Λhadron ∼
4pi fpi ) using chiral perturbation theory (χPT) 1 and (in prin-
ciple) at all isospin densities using lattice QCD [17–19].
The argument is that at finite isospin density (in the absence
of a magnetic field) the complex phase that arises due to
the chemical potential of up quarks is cancelled exactly by
the opposite phase carried by the down quarks due to its
chemical potential. Lattice QCD, similar to finite isospin
chiral perturbation theory (χPT), predicts the existence of
a phase transition to a pion superfluid, which at high den-
sities becomes a Bardeen-Cooper-Schrieffer (BCS) conden-
sate though there is no change in the symmetries of the or-
der parameter and hence no real phase transition, only a
crossover transition to a “weaker" condensate. However, at
finite magnetic fields, the charge asymmetry of the quarks
leads to a non-zero complex phase and hence the re-emergence
of the sign problem [20].
1For a review, see [6, 7] and for seminal literature, see Refs. [8–16]
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2While pion superfluidity in QCD [21–23] is an example
of a relativistic superfluid similar in principle to the super-
fluidity in the Abelian Higgs Model, the first experimental
observation of superfluidity was in the context of Helium-
4, a non-relativistic superfluid (for a review, see Ref. [24]).
Landau provided the first explanation of superfluidity using
the notion of quasiparticles. Within modern field theory, su-
perfluidity (in both relativistic and non-relativistic systems)
arises due to the breaking of a global U(1) symmetry. Since
pions are electromagnetically charged, in the presence of an
external magnetic field they exhibit superconductivity and
form magnetic vortices as has been shown using finite isospin
χPT [25, 26]. Superconductivity was first explained through
Ginzburg-Landau (GL) theory [27] and later further clari-
fied through BCS theory and the Cooper pairing mechanism
whereby two electrons couple through (attractive) phonon
interactions [28, 29] with Abrikosov recognizing the possi-
bility of magnetic vortices and type-II superconductivity [30].
A modern field theoretic understanding via the Abelian Higgs
model suggests the breaking a local U(1) symmetry as the
mechanism that gives rise to both type-I and type-II super-
conductivity [31].
The phase diagram of QCD possesses more exotic pos-
sibilities than single species superfluids and superconduc-
tors. For instance, ρ mesons are expected to condense at
large magnetic fields [32–34], with magnetic vortices in-
volving multiple species, both electromagnetically charged
and neutral condensates. Similarly, it is expected that neu-
trons form a superfluid in neutron stars with protons forming
a superconducting state [35, 36]. Outside of QCD, in con-
densed matter systems, the existence of exotic vortex phases
is known in superfluid He-3 [37] and recently multicompo-
nent mesonic systems were studied using χPT in Ref. [38].
The focus of this paper is two-color, two-flavor QCD at
low densities, where χPT is applicable at finite density with
the isospin chemical potential equal to the diquark chem-
ical potential. The system forms a multicomponent super-
fluid with a condensate that is a mixture of a pion and a di-
quark condensate with neither fixed separately [39]. A simi-
lar possibility exists in three-flavor, three-color χPT at finite
isospin and so-called strange chemical potentials with the
formation of a condensate that is a “mixture" of the quan-
tum numbers of both pions and kaons, with neither fixed
separately by the chemical potentials [40, 41].
The paper is organized as follows. In Sec. 2, we be-
gin with a brief review of two-color, two-flavor χPT in-
cluding the possibility of a multicomponent superfluid. In
Sec. 3, we discuss the parameterization of the Goldstone
manifold (coset space) associated with the (spontaneous)
symmetry breaking pattern in two-color QCD. In Sec. 4, we
use the coset parameterization to calculate the Lagrangian
in terms of the fluctuations around the multicomponent su-
perfluid ground state. We also determine the dispersion re-
lation and the tree level masses in Sec. 4.1. In Sec. 5, we
use the dispersion relation and the relevant counterterm La-
grangian to determine the one-loop effective potential and in
Sec. 6 we calculate the chiral condensate, the number den-
sity and the multicomponent superfluid condensate at next-
to-leading order in χPT. We conclude with a discussion in
Sec. 7. Finally, we list some useful dimensional regulariza-
tion integrals in Appendix A and calculate the one-loop pion
self-energy and pion decay constant in the normal vacuum
in Appendix C.
2 Review of Two-Color Chiral Perturbation Theory
We begin with a brief discussion of two-color [42–45] χPT.
The theory possesses an expanded Pauli-Gursey symmetry
(SU(2N f )flavor) because of the pseudo-reality of the color
gauge group SU(2)color [46, 47]. This allows for the pos-
sibility of combining quarks with charge-conjugated anti-
quarks in a multiplet (Weyl spinor) that transforms under an
enlarged SU(2N f ) flavor group as opposed to the SU(N f )×
SU(N f ) flavor group of three-color QCD. The vacuum breaks
the symmetry down to Sp(2N f ) resulting in a Goldstone
manifold that has 2N2f −N f − 1 physical degrees of free-
dom. We will focus on the two-flavor case in this paper. For
N f = 2, there are five degrees of freedom corresponding to
the charged diquarks (d±), the charged pions (pi±) and a neu-
tral pion (pi0).
The two-color, two-flavor χPT Lagrangian at O(p2) is
L2 =
f 2
4
Tr
[
∇µΣ(∇µΣ)†
]
+
f 2
4
Tr
[
χ†Σ +Σ †χ
]
, (1)
where χ is an external source (scalar, pseudoscalar, diquark
or multicomponent superfluid) sources and f is the (bare)
pion decay constant. The covariant derivatives are defined
as
∇µΣ ≡ ∂µΣ − iδµ0 {µBB+µII3,Σ}
∇µΣ † ≡ ∂µΣ †+ iδµ0
{
µBB+µII3,Σ †
}
,
(2)
where µB is the diquark (baryon) chemical potential and µI
is the isospin chemical potential. In the analysis of this pa-
per, we use the following source term
χ =
GM †
2 f 2
, M = mˆMˆ+ jJˆ,
Mˆ =
(
0 1
−1 0
)
, Jˆ =
(
τ2 0
0 τ2
)
,
(3)
where mˆ is the scalar (quark mass) source or the quark mass
in the isospin limit and j is the source for the multicom-
ponent of diquarks and pions. The scalar source introduces
quark masses in χPT, and allows us to calculate the chi-
ral condensate using the Gell-mann-Oakes-Renner relation
(GOR) relation,
2Gmˆ = m2 f 2 , (4)
3where m is the bare pion mass (which is degenerate with
the bare diquark mass), f is the bare pion decay constant,
mˆ is the quark mass in the isospin limit and −4G is the chi-
ral condensate in the normal vacuum. Similarly, the multi-
component superfluid source allows for the computation of
the condensate associated with the multicomponent super-
fluid phase, which occurs (as we will discuss next) when the
isospin chemical potential equals the baryon chemical po-
tential. 1 is the 2× 2 identity matrix and τis are the Pauli
matrices. The baryon and isospin charge matrices in Eq. (2)
are defined as
B =
1
2
(
1 0
0 −1
)
, I3 =
1
2
(
τ3 0
0 −τ3
)
, (5)
with the elements in the diagonal referring to the isospin
and baryon charges of the up, down, anti-up and anti-down
quarks respectively.
2.1 Ground State
In order to parameterize the ground state, we choose the fol-
lowing ansatz [39] for the orientation of Σ ,
Σ(α) = cosα Σ0+ isinα Σiφˆi
Σ0 =
(
0 −1
1 0
)
, Σ1 =
(−iτ2 0
0 −iτ2
)
Σ3 =
(
0 τ1
−τ1 0
)
, Σ2 =
(
τ2 0
0 −τ2
)
Σ4 =
(
0 τ2
τ2 0
)
, Σ5 =
(
0 τ3
−τ3 0
)
.
(6)
Σ0 represents the orientation of the normal vacuum that breaks
chiral symmetry; Σ1 and Σ2 represent the orientations of the
(charged) diquark; Σ3 and Σ4 represent the orientations of
the (charged) pions; and finally Σ5 represents the orientation
of the neutral pion. Since Σ is unitary, i.e. Σ †Σ = 1, the φˆis
obey the constraint,
5
∑
i=1
φˆiφˆi = 1 . (7)
We use the above ansatz and the GOR relation of Eq. (4) to
construct the tree level potential under the assumption of ho-
mogeneous phases and the absence of the multicomponent
superfluid source ( j = 0). We get
Vtree =
f 2
4
Tr
[{µBB+µII3,Σ}{µBB+µII3,Σ †}
+
Gm
2 f 2
(
MˆΣ +Σ †MˆT
)]
=− f 2 [2m2 cosα
+sin2α
{
µ2B(φˆ
2
1 + φˆ
2
2 )+µ
2
I (φˆ
2
3 + φˆ
2
4 )
}]
.
(8)
Minimizing Vtree with respect to α , we get
sinα
[
m2− cosα {µ2B(φˆ 21 + φˆ 22 )+µ2I (φˆ 23 + φˆ 24 )}]= 0 . (9)
Using this condition (and the curvature of the tree level po-
tential), we find that there are three distinct condensed phases
in addition to the normal phase. The resulting phase diagram
is shown in Fig. 1.
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Fig. 1 Phase diagram of two-color, two-flavor χPT at finite density.
When µI < m and µB < m, the system is in a normal phase. For µI > m
and µI 6= µB, the system is in a pion condensed phase. For µB > m and
µB 6= µI , the system is in a diquark condensed phase. Finally, when
µI = µB > m, the system is in a multicomponent superfluid phase.
– If µB ≤ m and µI ≤ m, the system is in the normal vac-
uum with Σ = Σ0, i.e. φˆi = 0 and α = 0.
– If µB > µI and µB > m, the system is in the diquark con-
densed phase, i.e. φˆ 21 + φˆ
2
2 = 1 and φˆ3 = φˆ4 = φˆ5 = 0.
– If µI > µB and µI > m, the system is in the pion con-
densed phase i.e. φˆ 23 + φˆ
2
4 = 1 and φˆ1 = φˆ2 = φˆ5 = 0.
– Finally, if µB = µI = µ and µ > m, the system is in the
multicomponent superfluid phase with a vacuum that is
degenerate in φˆi, i = 1,2,3,4, i.e. φˆ 21 + φˆ
2
2 + φˆ
2
3 + φˆ
2
4 = 1
and φˆ5 = 0.
In each of the condensed phases, α = arccos
(
m2
µi
)
, where
µi = µI in the pion condensed phase, µi = µB in the di-
quark phase and µi = µB = µI ≡ µ in the multicomponent
superfluid phase, which is characterized by the condition
∑4i=1 φˆi = 1 and φˆ5 = 0. There are additional degrees of free-
dom compared to the diquark or the pion condensed phases.
This leads to an enlarged SU(2) global symmetry in the La-
grangian unlike the global U(1) symmetry when µB 6= µI ,
which is broken in the superfluid phase. For details of how
the SU(2) symmetry manifests, see Ref. [39].
43 Parameterization of the Goldstone Manifold
The goal of this section is to parameterize Σ including its
fluctuations around its vacuum expectation value (vev) dis-
cussed in the previous section. This is necessary for the con-
struction of the one-loop effective potential associated with
the multicomponent superfluid phase. We begin by noting
that the Lagrangian has an enlarged global symmetry SU(2N f )
which in the presence of a finite quark mass breaks down to
Sp(2N f ). The Goldstone manifold is
SU(2N f )/Sp(2N f ) , (10)
and it can be parametrized in terms of the broken genera-
tors (Xi), which themselves rotate as the ground state rotates
from the normal phase to one of the condensed phases. In
the normal phase, Σ including its fluctuations (φi) is param-
eterized as [42]
Σ(0) =U0Σ0UT0 =U
2
0Σ0
U0 = e
iXiφi
2 f ,
(11)
where Xi are the five broken generators of SU(2N f )/Sp(2N f )
with N f = 2 and the explicit form of Σ0 is stated in Eq. (6).
The relationship follows from the fact that the broken gen-
erators obey XiΣ0 = Σ0XTi [42], which can be checked ex-
plicitly using Σ0 in Eq. (6) and the broken generators, Xi, in
Eq. (14).
Since we are interested in calculating the one-loop ef-
fective potential of the multicomponent superfluid phase in
this paper, we parameterize the fluctuations around the mul-
ticomponent superfluid phase, which can be written in terms
of Σi of Eq. (6) and a “rotation” matrix, Vα , as follows
Σ(α) =VαΣ0V Tα
Vα = e−
iα
2 (∑
4
i=1 φˆiΣiΣ0),
(12)
with φˆi chosen appropriately for each of the condensed phases
as discussed in the previous section. The parameterization is
completely general and valid in any of the condensed phases
(including the normal phase for which α = 0). Then, Σ(α)
in the multicomponent superfluid phase including the fluc-
tuations φi around Σ(α) is
Σ(α) =UαΣ(α)UTα =VαU
2
0Σ0V
T
α
Uα =VαU0V †α ,
(13)
which reduces to the result of Eq. (11) as it should in the nor-
mal vacuum. The second equality of Eq. (13) follows from
the fact that V †αVα = 1 and the second equality in the first
line of Eq. (11).
4 Next-to-Leading Order Lagrangian
With the discussion of the Goldstone manifold and its pa-
rameterization complete, the next step is to construct the ex-
plicit form of the Lagrangian for the multicomponent super-
fluid phase In order to do so, we set φˆ1 = 1. This choice is
arbitrary up to the constraint of φˆ 21 + φˆ
2
2 + φˆ
2
3 + φˆ
2
4 = 1.
We also need an explicit form of the broken generators
Xi, which we list below
Diquarks (d±):
X1 =
1√
2
(
0 iτ2
−iτ2 0
)
, X2 =
1√
2
(
0 τ2
τ2 0
)
Charged Pions (pi±):
X3 =
1√
2
(−τ1 0
0 −τ1
)
, X4 =
1√
2
(−τ2 0
0 τ2
)
Neutral Pion (pi0):
X5 =
1√
2
(
τ3 0
0 τ3
)
,
(14)
with X1,2 corresponding to broken generators for the diquarks,
X3,4 corresponding to the broken generators for the charged
pions and X5 corresponds to the broken generators of neutral
pions respectively. We have chosen the following normaliza-
tion
1
2
TrXiX j = δi j , (15)
similar to that of Gell-Mann matrices, the generators of SU(3)
flavor in χPT (or SU(3) color in QCD). The broken gener-
ators, Xi, relevant to the multicomponent superfluid phase
have been calculated using the broken generators of SU(4)
used in Ref. [43], where the chiral limit is assumed, which
means the broken generators are fully rotated from the nor-
mal chiral-symmetry-broken vacuum into a pure diquark phase
with complete chiral restoration. We have (un)rotated the
generators using Vα of Eq. (13) with α = pi/2 to obtain the
result in Eq. (14).
Using these generators and Eq. (13), we find the follow-
ing contributions from the O(pn) Lagrangian, which we la-
bel L kn , with k indicating the mass dimension of the field
fluctuations, φi, for i = 1,2 . . .5.
L 02 = f
2
(
2m2 cosα+µ2 sin2α+
4G j
f 2
sinα
)
(16)
L 12 =−
√
2 f
(−m2 sinα+µ2 cosα sinα
+
2G j
f 2
cosα
)
φ1−
√
2 fµ sinα∂0φ2
(17)
5L 22 =
1
2
∂µφa∂ µφa− 12m
2
aφ
2
a
− i
2
m12 (φ1∂0φ2−φ2∂0φ1)
− i
2
m34 (φ3∂0φ4−φ4∂0φ3)
(18)
L 32 =
1
6
√
2 f
[{
(4µ2 cosα−m2)sinα+ G j
f 2
cosα
}
φ1(φaφa)−4µφ1φ2∂0φ1+4µ(φ 23 ∂0φ2+φ 24 ∂0φ2
+φ 25 ∂0φ2−φ2φ3∂0φ3−φ2φ4∂0φ4−φ2φ5∂0φ5)
] (19)
L 42 =
1
48 f 2
(φaφa)2[(
m2 cosα−4µ2 cos2α+ 2G j
f 2
sinα
)
φ 21
+
(
m2 cosα−4µ2 sin2α+ 2G j
f 2
sinα
)
φ 22
+
(
m2 cosα−4µ2 sin2α+ 2G j
f 2
sinα
)
φ 23
+
(
m2 cosα−4µ2 sin2α+ 2G j
f 2
sinα
)
φ 24
+
(
m2 cosα+4µ2 sin2α+
2G j
f 2
sinα
)
φ 25
]
+
1
12 f 2
[
φa∂ µφaφb∂ µφb−φaφa∂µφb∂ µφb
]
− 1
6 f 2
µ(φaφa) [cosα(φ1∂0φ2−φ2∂0φ1)
+(φ3∂0φ4−φ4∂0φ3)] .
(20)
In L kn , we have used the Einstein summation convention:
all repeated indices (a and b inL 22 andL
4
2 ) are summed in
from 1,2 . . .5. We also note that the masses that appear in
the quadratic term,L 22 , of Eq. (18) are
m21 = m
2 cosα−µ2 cos2α+ 2G j
f 2
sinα
m22 = m
2 cosα−µ2 cos2α+ 2G j
f 2
sinα
m12 = 2µ cosα
m23 = m
2 cosα−µ2 cos2α+ 2G j
f 2
sinα
m24 = m
2 cosα−µ2 cos2α+ 2G j
f 2
sinα
m34 = 2µ
m25 = m
2 cosα+µ2 sin2α+
2G j
f 2
sinα ,
(21)
where µ is chemical potential, m is the bare pion or diquark
mass, f is the bare pion decay constant and j is the mul-
ticomponent superfluid source. We have replaced all fac-
tors of Gmˆ/ f 2 that appear in L kn and ma through the scalar
source term of Eq. (3) inL 22 with the bare pion mass m us-
ing the zero-source ( j = 0) GOR relation of Eq. (4). It is also
worth noting that in the presence of an external source j and
µ = 0, the (bare) pion mass (squared) is modified as
m2→ m2j ≡ m2 cosα+
2G j
f 2
sinα , (22)
with α 6= 0 due to the source term j that rotates the vacuum
into the multicomponent superfluid phase for all µ .
Using the quadratic Lagrangian, it is straightforward to
find the inverse propagator
D−1 =
(
D−1d 0
0 D−1pi
)
D−1d =
(
p2−m21 ip0m12
−ip0m12 p2−m22
)
D−1pi =
 p2−m23 ip0m34 0−ip0m34 p2−m24 0
0 0 P2−m25
 .
(23)
D−1 is a 5×5 matrix containing two separate inverse prop-
agators: D−1d is the inverse propagator associated with di-
quark fluctuations φ1 and φ2; similarly, D−1pi is the inverse
propagator associated with the pion fluctuations. φ3 and φ4
represent the fluctuations of the charged pion fields and φ5
represents the fluctuations of the neutral pions. p2 is the 4-
momentum squared in Minkowski space. We note that due
to the presence of cross terms in the 1−2 and 3−4 compo-
nents of the inverse propagators, only m5 is the (bare) mass
of the neutral pion.
4.1 Dispersion Relations
In order to find the remaining masses, we need the disper-
sion relations, which can be found by setting detD−1 = 0.
We get for the diquark and the pion dispersion relations (re-
spectively)
E2d± = p
2+
1
2
(m21+m
2
2+m
2
12)
∓ 1
2
√
4p2m212+(m
2
1+m
2
2+m
2
12)
2−4m21m22
E2pi± = p
2+
1
2
(m23+m
2
4+m
2
34)
∓ 1
2
√
4p2m234+(m
2
3+m
2
4+m
2
34)
2−4m23m24
= p2+m23+
1
2
m234
± 1
2
√
4p2m234+(2m
2
3+m
2
34)
2−4m43
E2pi0 = p
2+m25 ,
(24)
6where the masses mi (i = 1,2 . . .5), m12 and m34 are de-
fined in Eq. (21). We find the tree-level masses of each of
the modes by setting p = 0 in the dispersion relation. We
plot the masses (normalized by the bare diquark or pion
mass) in Fig. 2, noting that in the simultaneous condensed
phase there are two massless modes d+ and pi+ responsible
for the multicomponent superfluidity observed when the di-
quark and isospin chemical potentials are equal. This is to
be contrasted with the diquark and pion condensed phases
where only one of the modes, either d+ or pi+, becomes
massless.
π-
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Fig. 2 Tree-level masses of the five modes (pions and diquarks) when
the diquark and isospin chemical potentials are equal, µB = µI = µ .
When µ > m, both pi+ and d+ become massless simultaneously. In the
normal phase (µ < m, the masses of d− and pi− are degenerate and
heavier than the masses of the other modes. The masses of d+ and pi+
are also degenerate.
We note that the positively charged diquark and the posi-
tively charged pion becomes massless for µ > m and are
responsible for the multicomponent superfluid phase. While
the diquark (d+) carries a baryon charge, it does not carry
an isospin charge; on the other hand the pion (pi+) carries
an isospin charge but not a baryon charge. While the the-
ory fixes the masses of each of the five particles, in the
multicomponent superfluid, the condensate associated with
only a non-zero baryon charge and the condensate associ-
ated with only a non-zero isospin charge are not fixed sep-
arately by the theory. This is evident in the analysis of Sec.
2: when µB = µI , the ground state of the system satisfies
φˆ 21 + φˆ
2
2 + φˆ
2
3 + φˆ
2
4 = 1, where subscripts 1,2 label the di-
quarks and 3,4 label the (electromagnetically) charged pions
suggesting an expanded symmetry compared to the diquark
(or pion) phase for which the constraint is consistent with a
global U(1) symmetry [48].
In order to construct the one-loop effective potential, we
will need to regulate the divergences in the one-loop dia-
grams, which requires counterterms generated through the
tree-level O(p4) contribution to two-color, two-flavor χPT.
The relevant χPT Lagrangian is
L4 = L0 Tr
[
∇µΣ(∇νΣ)†∇µΣ(∇νΣ)†
]
+L1
(
Tr
[
∇µΣ(∇µΣ)†
])2
+L2 Tr
[
∇µΣ(∇νΣ)†
]
Tr
[
∇µΣ(∇νΣ)†
]
+L3 Tr
[(
∇µΣ(∇µΣ)†
)2]
+L4 Tr
[
∇µΣ(∇µΣ)†
]
Tr
[
χΣ †+χ†Σ
]
+L5 Tr
[
∇µΣ(∇µΣ)†(χΣ †+χ†Σ)
]
+L6
[
Tr(χΣ †+χ†Σ)
]2
+L7
[
Tr(χΣ †−χ†Σ)]2
+L8 Tr(Σχ†Σχ†+χΣ †χΣ †)+H2 Tr(χχ†) ,
(25)
where Li (with i = 1,2 · · ·8) and H2 are the low energy con-
stants (LECs) of χPT that encode quark physics. The term
proportional to L7 is trivially zero in the two-color, two-
flavor case. Using the parameterization of Σ in Eq. (13), we
get the following static counterterms
L 04 = [4(L0+L3)+16(L1+L2)]µ
4 sin4α
+32L4m2µ2 cosα sin2α+8L5m2µ2 cosα sin2α
+64L6m4 cos2α+8L8m2 cos2α+4H2m4
+
G j
f 2
[
16(4L4+L5)µ2 sin3α
+32(4L6+L8)m2 sin2α
]
+16
(
G j
f 2
)2
[H2+8L6−2(4L6+L8)cos2α] ,
(26)
which are the only contributions required to renormalize the
one-loop effective potential. However, we also calculate the
contributions with one and two field fluctuations (φi) in Ap-
pendix B. These are required to renormalize the pion mass
and the pion decay constant. Additionally, we need the ex-
plicit form of the running of the LECs which we define as
Li = Lri (Λ)+Γiλ
Hi = Hri (Λ)+∆iλ
λ =− Λ
−2ε
2(4pi)2
(
1
ε
+1
) (27)
withΓ0 = 148 ,Γ1 =
1
32 ,Γ2 =
1
16 ,Γ3 =
5
48 ,Γ4 =
1
16 ,Γ5 =
1
4 ,Γ6 =
5
128 ,Γ7 = 0,Γ8 = 0 and ∆2 = 0. Since Li is scale-independent,
i.e.
lim
ε→0
dLi
dΛ
= 0 , (28)
we can determine the running of Lri with respect to the MS
scale parameter Λ
dLri (Λ)
dΛ
=− Γi
(4pi)2Λ
. (29)
7We can solve the differential equations above assuming Lri
is known at some reference scale Λ0. This gives
Lri (Λ) = L
r
i (Λ0)−
Γi
2(4pi)2
ln
Λ 2
Λ 20
Hri (Λ) = H
r
i (Λ0)−
∆i
2(4pi)2
ln
Λ 2
Λ 20
.
(30)
SinceΓ7 = 0,Γ8 = 0 and ∆2 = 0, the associated renormalized
LECs (Lr7, L
r
8 and H
r
2) are all scale-independent. In the rest
of this work, we use the scale Λ0 = m and use the notation
Lri (m)≡ L¯ri for convenience.
5 One-loop Effective Potential
With all the ingredients in place, we can now calculate the
one-loop effective potential of two-color, two-flavor χPT
when the diquark chemical potential equals the isospin chem-
ical potential, i.e. µB = µI ≡ µ using the Lagrangian and
dispersion relations calculated in the previous section. For
an analysis of the one-loop effective potential in the diquark
phase, see Ref. [42]. There are three contributions required
to calculate the one-loop effective potential:
– Tree level contribution from theO(p2) χPT Lagrangian,
– Loop contribution from the O(p2) χPT Lagrangian,
– Tree level contribution from theO(p4) χPT Lagrangian.
The loop contributions from theO(p2) Lagrangian have UV
divergences that need to be regulated. These divergences are
cancelled exactly by the tree-level counterterms generated
using the Lagrangian at O(p4) through L 04 of Eq. (26). In
order to compute the one-loop contribution from the O(p2)
Lagrangian, we will use the MS scheme with dimensional
regularization. The divergences that appear are in the ultravi-
olet (UV ) but not in the infrared (IR) with the theory having
both logarithmic and polynomial (up to quartic) divergences
though only the former appear in dimensional regulariza-
tion.
The O(p2) tree level contribution to the one-loop effec-
tive potential including the contribution of the source term j
is equal to −L 02 of Eq. (26),
V jtree = f
2
(
2m2 cosα+µ2 sin2α+
4G j
f 2
sinα
)
, (31)
and the one-loop contribution from the Lagrangian at O(p2)
arises from the following divergent integral, which is a sum
over the dispersion relations of Eq. (24)
V j1 ≡
1
2
∫
p
(
Ed+ +Ed− +Epi+ +Epi− +Epi0
)
∫
p
≡
(
eγEΛ 2
4pi
)ε ∫ dd p
(2pi)d
,
(32)
where Λ is the renormalization scale and d = 3−2ε . In or-
der to isolate the divergences, we rewrite V1 in terms of a
divergence piece Vdiv and a finite piece Vfinite as
V j1 =V
j
div+V
j
finite
V jdiv =
1
2
∫
p
(
E1+E2+E3+E4+Epi0
)
V jfinite =
1
2
∫
p
(
Ed+ +Ed− +Epi+ +Epi−
−E1−E2−E3−E4) ,
(33)
where Ei =
√
p2+mi, with i= 1,2,3,4 and mi is defined as
m1 ≡
√
m21+
1
4
m212
=
√
m2 cosα+µ2 sin2α+
2G j
f 2
sinα = m5
m2 ≡
√
m22+
1
4
m212 =
√
m2 cosα+
2G j
f 2
sinα
m3 ≡
√
m23+
1
4
m234
=
√
m2 cosα+µ2 sin2α+
2G j
f 2
sinα = m5
m4 ≡
√
m24+
1
4
m234
=
√
m2 cosα+µ2 sin2α+
2G j
f 2
sinα = m5
(34)
The choice of Ei and mi is motivated by the fact that the
ultraviolet divergences in Ed+ , Ed− , Epi+ and Epi− are iden-
tical to the ultraviolet divergences in E1, E2, E3 and E4.
This is easy to check by expanding these dispersion relations
around p=∞ [48]. Vdiv is then calculated using the standard
dimensional regularization integral I1, of Eq. (A.1). We get
V jdiv =
1
2
[
4
∑
i=1
I1(mi)+ I1(m5)
]
=
1
2
[4I1(m5)+ I1(m2)]
=− 1
(4pi)2
[
1
ε
+
3
2
+ log
(
Λ 2
m25
)]
(
m2 cosα+µ2 sin2α+
2G j
f 2
sinα
)2
− 1
4(4pi)2
[
1
ε
+
3
2
+ log
(
Λ 2
m22
)]
(
m2 cosα+
2G j
f 2
sinα
)2
,
(35)
8where in the second line we have used the fact that m1 =
m3 =m4 =m5. The ultraviolet divergences in the dispersion
relations show up as poles in Eq. (35), which need to be
regulated. The static terms of theO(p4) Lagrangian that was
calculated in Eq. (26) exactly cancel the divergences. The
resulting loop contribution from the O(p2) Lagrangian and
the tree-level contribution from the O(p2) Lagrangian is
V j1 =−
1
(4pi)2
[
1
2
+ log
(
Λ 2
m25
)]
(
m2 cosα+µ2 sin2α+
2G j
f 2
sinα
)2
− 1
4(4pi)2
[
1
2
+ log
(
Λ 2
m22
)]
(
m2 cosα+
2G j
f 2
sinα
)2
+
[
1
(4pi)2
log
Λ 2
m2
−{4(L¯r0+ L¯r3)+16(L¯r1+ L¯r2)}
]
µ4 sin4α
+
[
2
(4pi)2
log
Λ 2
m2
−8(4L¯r4+ L¯r5)]m2µ2 cosα sin2α
+
[
5
4(4pi)2
log
Λ 2
m2
−64L¯r6
]
m4 cos2α
−8L¯r8m4 cos2α−4Hr2m4
+
[
5
4(4pi)2
log
Λ 2
m2
−32(4L¯r6+ L¯r8)
]
G j
f 2
m2 sin2α
+
[
4
(4pi)2
log
Λ 2
m2
−16(4L¯r4+ L¯r5)
]
G j
f 2
µ2 sin3α
+
[
5
(4pi)2
log
Λ 2
m2
−256L¯r6
](
G j
f 2
)2
sin2α
+32cos2αL¯r8
(
G j
f 2
)2
cos2α−16Hr2
(
G j
f 2
)2
(36)
where L¯ri = L
r
i (m) and H
r
i =H
r
i (m). The full one-loop effec-
tive potential is then
V j1−loop =V
j
tree+V
j
1 +V
j
finite , (37)
where V jtree, V
j
1 and V
j
finite can be found in Eqs. (31), (33) and
(36).
5.1 Ginzburg-Landau Expansion
As a non-trivial check of the one-loop effective potential,
we consider the one-loop effective potential near the critical
chemical potential. At tree level, the critical chemical poten-
tial occurs at
µ treec = m , (38)
where m is the pion mass at tree-level. The tree-level effec-
tive potential (with j = 0) when expanded in powers of α
gives
Vtree =−2 f 2m2− f 2(µ2−m2)α2+ 112 f
2(4µ2−m2)α4
+O(α6) ,
(39)
suggesting a second order phase transition since the coef-
ficient of the α4 term is positive (and equal to m2 f 2/4) at
the tree level critical potential. Quantum effects are known
to not affect the order of the phase transition and the critical
chemical potential as has been shown in two-flavor (Nc = 3)
χPT [48], three-flavor (Nc = 3) χPT [41, 49], the quark-
meson (QM) model [49] and the NJL model [50]. In or-
der to explicitly verify this observation, we expand the one-
loop effective potential in powers of α . We get the following
Ginzburg-Landau (GL) effective potential [48]
V j1−loop(α) = c0+ c1α+ c2α
2+ c3α3+ c4α4+O(α6)
c0 =−2 f 2m2−
(
5
8(4pi)2
+4(16L¯r6+2L¯
r
8+H
r
2)
)
m4
−16
(
G j
f 2
)2
(H22−2L¯r8)
c1 =−4G jf 2
[
f 2+16m2(4L¯r6+ L¯
r
8)
]
c2 =− f 2(µ2−m2)
−8m2µ2(4L¯r4+ L¯r5)+16m4(4L¯r6+ L¯r8)
+
(
G j
f 2
)2 [ 5
(4pi)2
+(4L¯r6+ L¯
r
8)+16m
4(4L¯r6+ L¯
r
8)
]
c3 =
5
24pi2
1
m2
(
G j
f 2
)3
+
2 f 2
3
G j
f 2
+
G j
f 2
µ2
4pi2
[
1−64pi2(L¯r4+ L¯r5)
]
+
G j
f 2
m2
96pi2
[−15+4096pi2(4L¯r6+ L¯r8)]
(40)
9c4 =
f 2(4µ2−m2)
12
+
1
48(4pi)2
[
6µ2
√
(m2−µ2)(m2+µ2)
−6µ4
{
−7−2log
(√
m2−µ2+
√
m2+µ2√
2m
)
+512pi2(L¯r0+4(L¯
r
1+ L¯
r
2)+ L¯
r
3)
}
+2m2µ2
{−27+2560pi2(4L¯r4+ L¯r5)}
+m4
{
15−4096pi2(4L¯r6+ L¯r8)
}]
− 5
48pi2
1
m4
(
G j
f 2
)4
+
1
96pi2
1
m4
(
G j
f 2
)2
[
24m2µ2+m4(−25+2048pi2(4L¯r6+ L¯r8))
]
.
(41)
The GL expansion has terms that are both even and odd
in α , with the odd terms proportional to the multicompo-
nent superfluid source ( j) that explicitly breaks the symme-
try µ ↔ −µ . The odd coefficients, c1 and c3 vanish when
j = 0.
We can find the critical chemical potential for the phase
transition to the multicomponent superfluid phase at j = 0
by setting the quadratic coefficient to zero, i.e. c2 = 0. We
get
µ1−loopc = m
[
1+
4m2
f 2
(−4L¯r4− L¯r5+8L¯r6+2L¯r8)
]
, (42)
which is exactly equal to the one-loop renormalized pion
mass, mpi , calculated in Appendix C, see Eq. (C.8). In order
to verify that the phase transition is indeed second order at
next-to-leading order, we evaluate c4 at the physical pion
mass. This can be done by using the renormalized pion mass
in the tree-level contribution to c4 and the bare m in the next-
to-leading order contribution to c4. The result is
c4 = m2 f 2
[
1
4
+
m2
16(4pi f )2
{1
−1024pi2 {L¯r0+4(L¯r1+ L¯r2)+ L¯r3−4L¯r4− L¯r5}
}]
,
(43)
which is greater than zero assuming the LECs are small,
L¯ri ∼ 10−3, which is expected from three-color χPT and the
Nc power counting of the LECs [51]. The coefficient, c4,
being positive guarantees that the critical chemical poten-
tial is a second order phase transition as is expected from
tree-level calculations. Since χPT is an expansion in pow-
ers of (4pi f )−2, this should not be surprising. At tree-level,
it is known that c4 > 0 and µ treeI,c = m. The corrections due
to loop effects are sub-leading in the chiral expansion and
therefore not sufficient to change c4 significantly from the
tree level value of ∼ O(1) thus preserving the order of the
phase transition.
A full analysis of the one-loop effective potential includ-
ing regions with α ∼ O(1) requires the numerical values of
the LECs in order to compute Vfinite defined in Eq. (33). Even
though Vfinite cannot be integrated analytically, it is possible
to find the ground state value of α at NLO near the critical
isospin chemical potential (µI & mpi ) where α  1.
We proceed by minimizing the effective potential (with
j = 0) using the Ginzburg-Landau form of the one-loop ef-
fective potential calculated in Eq. (40). The ground state
value of α can be written in the following convenient no-
tation for c2 and c4:
c2 ≡− f 2
(
atree2 +
1
(4pi f )2
aloop2
)
c4 ≡ f 2
(
atree4 +
1
(4pi f )2
aloop4
)
,
(44)
where the atree2,4 and a
loop
2,4 can be read off using Eq. (40). Then
minimizing the GL expanded effective potential with respect
to α , we get the following expression for the ground state
value of α
αgs = α treegs +
1
(4pi f )2
α loopgs
α treegs =
√
atree2
2atree4
α loopgs =
1
2
√
2
(
−
√
atree2 a
loop
4
(atree4 )
3/2 +
aloop2√
atree2 a
tree
4
)
,
(45)
where we have written α as the sum of its tree level min-
imum defined as α treegs and the next-to-leading contribution
as 1
(4pi f )2α
loop
gs . We will use the ground state value of α in
the following section to calculate the chiral condensate, the
multicomponent superfluid condensate and the number den-
sity near the critical isospin chemical potential, where we
expect α  1.
6 Condensates and Number Density
Using the full one-loop effective potential of Eq. (37), we
can calculate formal expressions for the chiral condensate,
the multicomponent superfluid condensate and the multi-
component superfluid density. Additionally, we also calcu-
late the condensates and density near the phase transition us-
ing αgs and the GL one-loop effective potential of Eq. (40).
6.1 Chiral Condensate
The chiral condensate can be calculated using the zero-source
( j = 0) one-loop effective potential and the GOR relation of
10
Eq. (4). We get
〈ψ¯ψ〉 ≡
∂V j=01−loop
∂ mˆ
=
G
m f 2
∂V j=01−loop
∂m
=−4Gcosα
− 4
(4pi f )2
[
1+ log
(
m2
m2 cosα+µ2 sin2α
)
+64pi2(4L¯r4+ L¯
r
5)
]
cosα sin2αGµ2
− 1
2(4pi f )2
[5+2logsecα
+8log
(
m2
m2 cosα+µ2 sin2α
)
+8192pi2L¯6r
]
cos2αGm2
− 1
2(4pi f )2
[
512pi2(Hr2 +2cos2αL¯
r
8
]
Gm2
− 2
(4pi f )2
sin4α
Gµ4
m2
+
G
m f 2
∂V j=0finite
∂m
,
(46)
where the last term cannot be evaluated analytically. Near
the critical chemical potential (µI &mpi ), we use the GL one-
loop effective potential of Eq. (40) (since V j=0finite contributes)
to calculate the chiral condensate analytically. We get
lim
µ→mpi
〈ψ¯ψ〉= 〈ψ¯ψ〉0
−
[
1
2
− 4µ
2
f 2
(4L¯r4+ L¯
r
5)+
4m2
f 2
(4L¯r6+ L¯
r
8)
]
α2gs .
(47)
where the leading corrections are of O(α4gs) and 〈ψ¯ψ〉0 is
the chiral condensate in the normal vacuum at one-loop:
〈ψ¯ψ〉0 =−4G
[
1+
m2
32(4pi f )2
{
5+512pi2(Hr2+16L¯
r
6+2L¯
r
8
}]
.
(48)
6.2 Multicomponent Superfluid Condensate
The multicomponent superfluid condensate is the derivative
of V j1−loop with respect to j in the limit j→ 0, i.e.
〈MSC〉 ≡
∂V j1−loop
∂ j
∣∣∣∣∣
j=0
=−4Gsinα
− Gm
2
(4pi f )2
sinα cosα
[
− log(cosα)
+4log
(
m2
m2 cosα+µ2 sin2α
)
+256pi2(4L¯r6+ L¯
r
8)
]
− 4Gµ
2
(4pi f )2
sin3α
[
log
(
m2
m2 cosα+µ2 sin2α
)
+64pi2(L¯r4+ L¯
r
5)
]
+
∂V jfinite
∂ j
∣∣∣∣∣
j=0
,
(49)
where V j1−loop is the effective one-loop potential in the pres-
ence of a multicomponent superfluid source and last term
cannot be evaluated analytically. We note that at tree level
the condensates satisfy the relation
〈ψ¯ψ〉2tree+ 〈MSC〉2tree = (4G)2 , (50)
where −4G is the chiral condensate in the normal vacuum.
As is clear from Eqs. (46) and (49) the condensates fail to
satisfy the a similar constraint to Eq. (50) at one-loop level.
Near the second order phase transition the multicompo-
nent superfluid condensate is small and we can use the GL
one-loop effective potential of Eq. (40) to calculate it. We
get
lim
µI→mpi
〈MSC〉=−4G
[
1+
16m2
f 2
(4L¯r6+ L¯
r
8)
]
αgs , (51)
where αgs can be found in Eq. (45). The corrections are of
O(α2gs).
6.3 Multicomponent Superfluid Number Density
Finally we calculate the number density for the multicom-
ponent superfluid.
n≡
∂V j=01−loop
∂µ
=−2 f 2µ sin2α
− 1
4pi2
[
log
(
m2
m2 cosα+µ2 sin2α
)]
µm2 sin2α cosα
− 1
4pi2
[
log
(
m2
m2 cosα+µ2 sin2α
)
+64pi2(L¯r0+4(L¯
r
1+ L¯
r
2+ L¯
r
3)
]
µ3 sin4α
+
∂V j=0finite
∂µ
,
(52)
where the last term cannot be evaluated analytically. Near
the critical isospin chemical potential, we get
lim
µ→mpi
n =−2µ
[
1+
8m2
f 2
]
α2gs , (53)
with corrections of O(α4gs).
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7 Discussion and Future Work
In this paper, we have studied two-color, two-flavor χPT (at
next-to-leading order) when the diquark chemical potential
is equal to the isospin chemical potentials. The theory is not
accessible through lattice QCD due to the fermion sign prob-
lem – even though the fermion determinant is real, it is not
positive definite when both chemical potentials are present.
We calculated the one-loop effective potential and used it
to calculate the chiral condensate, multicomponent super-
fluid condensate and the multicomponent superfluid density.
The original study of two-color, two-flavor χPT only char-
acterized the diquark phase, which is a consequence of the
breaking of the residual U(1) symmetry when µB 6= µI [43].
When the diquark and isospin chemical potentials are equal
the Lagrangian possesses has an enlarged SU(2) symmetry,
which is broken by the multicomponent superfluid phase.
This phase is a “mixture" of diquarks and pions with neither
fixed contrary to the diquark or the pionic phases where the
density of diquarks and pions are both fully determined by
the theory.
While we have limited our study to finding the full one-
loop effective potential and then analyzing the second order
phase transition, the chiral condensate, the multicomponent
superfluid condensate and the number density near the phase
transition in the loop expansion, the natural next step is to
consider the theory away from the phase transition. Such an
analysis requires the calculation of Vfinite in Eq. (33), which
depends on the bare diquark (pion) mass and the bare pion
decay constant and the LECs of two-color, two-flavor χPT,
which are yet to be determined.
In future work, we will consider the possibility of de-
termining the LECs of two-color, two-flavor χPT by fit-
ting to lattice data at finite diquark density [2]. The fitting
is straightforward near the critical baryon chemical poten-
tial (with α  1) since the results are fully analytical with
systematically known corrections but away from the critical
chemical potential one has to consider the full NLO effects
from Vfinite of Eq. (33). The integral can only be performed
numerically and depends on the ground state value of αgs,
which in turn depends on the LECs (Lri ).
8 Acknowledgement
P.A. would like to acknowledge Jens O. Andersen for many
discussions on related work in Refs. [41, 48, 52]. H.N. would
like to acknowledge research support provided through the
Collaborative Undergraduate Research and Inquiry (CURI
2019) program at St. Olaf College.
Appendix A: Useful Integrals in Dimensional
Regularization
We use the following notation
∫
p
=
(
eγEΛ 2
4pi
)ε ∫ dd p
(2pi)d
, (A.1)
to calculate some useful dimensional regularization integrals
in d = 3−2ε dimensional Euclidean space,
I1(m2) =
∫
p
√
p2+m2
=− m
4
2(4pi)2
[
1
ε
+
3
2
+ log
(
Λ 2
m2
)]
Ia(m2) =
∫
p
1
p2−m2 =−
m2
(4pi)2
[
1
ε
+1+ log
(
Λ 2
m2
)]
Ib(m2) =
∫
p
p2
p2−m2 =−
m4
(4pi)2
[
1
ε
+1+ log
(
Λ 2
m2
)]
= m2Ia(m2) ,
(A.2)
where the leading corrections are of O(ε).
Appendix B: L 14 andL
2
4
In this appendix, we list the O(p4) contributions to the La-
grangian of two-color, two-flavor χPT valid at finite density
with µ = µB = µI with one (k = 1) or two field (k = 2) fluc-
tuations. We adopt the notationL k4 for k = 1,2.
L 14 =
8
√
2
f
[
2(4L6+L8)cosαm4
−
(
L4+
L5
4
)
(1+3cos2α)m2µ2
−(L0+4L1+4L2+L3)µ4 sin2α cosα
]
sinαφ1
− 8
√
2
f
µ sinα
[
(4L4+L5)cosα
+(L0+4L1+4L2+L3)µ2 sin2α
+
G j
f 2
2(4L4+L5)sinα
]
∂0φ2
(B.3)
12
L 24 =−
8(4L6+L8)
f 2
[
cos2αφ 21 + cos
2α(φaφa−φ 21 )
]
m4
+
4L4+L5
2 f 2
[
(−cosα+9cos3α)φ 21
+(5cosα+3cos3α)(φ 22 +φ
2
3 +φ
2
4 )
−(12sin2α cosα)φ 25
]
m2µ2
+
4(L0+L3)+16(L1+L2)
f 2
[
(1+2cos2α)sin2αφ 21
+sin2α cos2α(φ 22 +φ
2
3 +φ
2
4 )− sin4αφ 25
]
µ4
+
32(4L6+L8)
f 2
[
cos2αφ 21 − sin2α(φaφa−φ 21 )
](G j
f 2
)2
− 16(4L6+L8)
f 2
[
2sin2αφ 21 + sin2α(φaφa−φ 21 )
](G j
f 2
)
m2
− 4L4+L5
f 2
[
3(sinα−3sin3α)φ 21
+(sinα−3sin3α)(φ 22 +φ 23 +φ 24 )+12sin3αφ 25
](G j
f 2
)
µ2
+
4
f 2
[
(4L4+L5)m2 cosα+{L0+L3+4(L1+L2)}µ2 sin2α
+2(4L4+L5)sinα
G j
f 2
]
∂µφa∂ µφa
+
8
f 2
[
{L0+L3+4(L1+L2)}µ2 sin2α
]
∂µφ2∂ µφ2
+
8
f 2
[
3{L0+L3+4(L1+L2)}µ3 sin2α cosα
+(4L4+L5)µm2 cos2α+2(4L4+L5)
G j
f 2
sin2α
]
φ1∂0φ2
− 8
f 2
[
{L0+L3+4(L1+L2)}µ3 sin2α cosα
+(4L4+L5)µm2 cos2α+(4L4+L5)
G j
f 2
sin2α
]
φ2∂0φ1
+
8
f 2
[
{L0+L3+4(L1+L2)}µ3 sin2α
+(4L4+L5)µm2 cosα+2(4L4+L5)
G j
f 2
µ sinα
]
(φ3∂0φ4−φ4∂0φ3) .
(B.4)
L 14 with α = 0 is required for the calculation of the pion
self-energy and the renormalized pion decay constant in the
following appendix.
Appendix C: One-loop pion mass and pion decay
constant
In order to find the pion self-energies in the normal vac-
uum, we need the following contributions from the O(p2)
and O(p4) Lagrangian,
L 42 =
m2
48 f 2
(φaφa)2
+
1
12 f 2
[
φa∂ µφaφb∂ µφb−φaφa∂µφb∂ µφb
]
L 24 =
(16L4+4L5)m2
f 2
(
∂µφa∂ µφa
)
− (32L6+8L8)m
4
f 2
φaφa
(C.5)
The self-energy for φ1 is
−iΣ(p2) = i
[
m2
48 f 2
{
12Ia(m2)+2×2×4Ia(m2)
}
− 1
12 f 2
{
p22×4Ia(m2)+2×4Ib(m2)
}]
,
(C.6)
where Ia and Ib are defined in Eq. (A.2). The self-energy
counter-term for φ1 is
−iΣct(p2) = i
[
2× (16L4+4L5)m
2 p2
f 2
−2× (32L6+8L8)m
4
f 2
]
,
(C.7)
where f is the bare pion decay constant, m is the bare pion
mass and L¯ri are the LECs defined in Eq. (30). We note that
the divergences in Σ are canceled exactly by those in the
self-energy counter-term Σct
m2pi = m
2+Σ(m2)+Σct(m2)
= m2
[
1− 8m
2
f 2
(4L¯r4+ L¯
r
5−2(4L¯r6+ L¯r8))
]
.
(C.8)
The pion decay constant can be calculated by considering
the matrix that couples the left current with a single pion
field [6]. We get
f 2pi = f
2
[
1+
8m2
f 2
(4L¯r4+ L¯
r
5)
]
, (C.9)
where f is the bare pion decay constant, m is the bare pion
mass and L¯ri are the LECs defined in Eq. (30).
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